The method to construct the Calabi-Yau manifolds and their mirrors from K3 surfaces was developed by Borcea and Voisin. Using this method, some Calabi-Yau manifolds are constructed. We also investigate their applicability to string duality.
Introduction
In recent developments of string duality, the mathematical properties of the underlying manifold, on which theories are compactified, is becoming to get significant role. In this paper, we investigate singular fibers of some K3 surfaces and that of their mirrors. Also Calabi-Yau manifolds and their mirrors are constructed, which realize the gauge symmetry of SO (8) k+1 , using the method developed by Borcea and Voisin [1, 2] . Our results and their extended ones will be applicable to the investigation of duality web through F-theory [3, 4, 5, 7, 6, 8] , M-theory and also to the duality of supersymmetric field theory with brane probe [10, 11, 12] .
K3 surface
We start from a definition of K3 surface [13] . A K3 surface is defined as a compact manifold of complex dimension two with trivial canonical bundle such that h 0,1 (K3) = 0. h p,q (K3) is the Hodge number of K3 surface. We restrict the consideration to algebraic K3 surfaces defined by a set of algebraic equations in CIP N , N dimensional complex (weighted) projective space. This curve may be regarded as a homology cycle and an element of
which is called "Picard group" or "Picard lattice" of K3 surface. H p,q is the Dolbeault cohomology group. We also define "Picard number", ρ(K3), as the lank of Picard lattice; ρ(K3) =rank Pic(K3). We sometimes write ρ simply.
Here, we recall the basic properties of a mirror map [14] . Let X be K3 surface and Y its mirror. The extension of Picard lattice to the quantum Picard lattice V c is given by
where U is hyperbolic plane [15] . Let V k be the orthogonal complement of V c in Γ 4, 20 , so V k is also the orthogonal complement of Pic(X) with Γ 3,19 ≃ H 2 (X, Z). The mirror map µ on K3 surface is defined as
where, Ω = Σ∩(V c ⊗ Z IR) is the restricted moduli space of complex structures on K3 surface X and 0 = Σ ∩ (V k ⊗ Z IR) is that of complexified Kähler forms on Y . Σ restricts V c and V k to the Grassmanian of space-like 2-planes, so V c and V k are restricted to the moduli spaces, only when K3 surface has an Einstein metric. Such mirror pairs of K3 surfaces were noticed by the Arnold's strange duality [16] (its physical application was discussed in [17] ). An extension to lattice polarized K3 surfaces was given in ref. [18] . The relation between Arnold's strange duality and the weight duality (Batyrev's definition of mirror symmetry [19] and its extension on K3 case) is given in ref. [20] .
Next we consider the symmetry of a Picard lattice. To see this symmetry, we apply Shioda-Tate formula for elliptically fibered K3 surfaces.
Formula (Shioda-Tate) (see ref. [18, 21] for detail.) Let Pic(X)' be the subgroup of Pic(X) generated by irreducible components of fibers and by a fixed section. Here, X is an elliptically fibered manifold. Then the quotient group Pic(X)/Pic(X)' is isomorphic to the MordellWeil group of the fibration.
where, Φ is the group of sections and σ(F v ) + 1 is the number of components of singular fiber F v . In the Kodaira's classification, this number is given by the number of vertices of corresponding extended Dynkin diagrams. In our case, this lemma can be applied as follows. A K3 surface is elliptically fibered, Π : K3 → CIP 1 (z), where Π −1 (z) is an elliptic curve. The singular fiber is classified by Kodaira, see table 1 and ref. [22] . The condition for the Euler number is 24 = Σe(F v ),
Kodaira Dynkin e σ I nÃn−1 n n − 1 I * nD 4+n n + 6 n + 4 For later conveniences, we define an other quantity,
which characterizes 2-elementary K3 surface [15] .
In the following section, we construct Calabi-Yau 3-and 4-fold, using the method of Borcea and Voisin [1, 2] . In our construction, we use the K3 surfaces listed in table 4 of his paper, that is, the K3 surfaces up to reflexive pyramid [1] . We reproduce the tables of these K3 surfaces and the structure of their Picard lattices in table 2, 3.
Formerly We recall the definition of Milnor lattice. Milnor [23] showed that smoothing of any hypersurface singularity has the homotopy type of a bouquet of n-spheres. Their only non-trivial reduced homology group is H = H n (X l ). X l is deformed hypersurface singularity. For even n, intersection numbers define a symmetric bilinear pairing: H ×H → Z. The group H with this pairing is known as Milnor lattice. We can recognize Kodaira singularity by making use of Milnor lattice.
1 . The relations of these structures were investigated in ref. [24, 25] and the results are given by the following table. 
Gauge Symmetry
F-theory is related to string theory [3] .
In this equation, the notation, α/β, represents a theory α compactified on a manifold β. Here, T 2 is 2-torus and CY n is Calabi-Yau n-fold. (B, F ) denotes a Calabi-Yau manifold with base, B and fiber, F .
case 1:
There are two relations [8, 27] ,
In theses cases, gauge symmetry is realized where T 2 fiber of K3 surface is degenerate [14, 28] . Gauge symmetry can be read from singular fiber of Picard lattice.
case 2:
These relations were investigated in ref. [5, 29, 30] . Calabi-Yau 3-fold has fiber, K3 and basis, CIP 1 (1, 1). On type IIA side, H 1,1 (CY 3 ) is considered to give the informations of vector multiplet. This means the element of Pic(CY 3 ) becomes the base of vector multiplet space. Here, Pic(
. Three types of contribution to Pic(CY 3 ) from K3 fiber were considered in ref. [14, 28, 31] : 1) contribution from generic K3 fiber, 2) contribution from monodromy invariant part in Pic(K3) composing generic K3 fibers (4-cycle with base CIP 1 ), 3) contribution from several degenerate K3 fibers (nonperturbative symmetry).
There are few investigations using Calabi-Yau 3-folds with base CIP(1, n). For this Calabi-Yau 3-folds, Pic(CY 3 ) will have above three types contribution.
Borcea-Voisin case
The Calabi-Yau 3-folds constructed by Borcea-Voisin, do not have any contribution to gauge symmetry from singular fiber of K3 surface.
Four fixed points generated by the involution on T 2 contribute to nonperturbative gauge symmetry (direct product of SO(8)s) [5] .
The manifolds considered in the next section contain K3 surfaces with involution. The reason for using a manifold with involution is that involution is expected to reduce the number of supersymmetric charge, when a theory is compactified on such manifold. For K3 surface, this operation corresponds to Z 2 quotient and changes the sign of one of the coordinates describing the torus in elliptic fiber. It is also known that involution leaves Picard lattice invariant [32] .
The relation of eq. ( 8) requires elliptic fibration for manifold used in F-theory compactification. There are several sufficient conditions for K3 surfaces being elliptically fibered. One sufficient condition is,
Note that all examples given in table 2 satisfy this condition.
4 Calabi-Yau 3-fold
K3 fibered Calabi-Yau 3-fold
Consider now Calabi-Yau manifolds with base, CIP 1 and fiber, K3 [33] . They are represented in hypersurface in weighted projective 4-space, CIP 4 . ∆(1, 1), ∆(15, 2, 3, 10) ) ∆(15, 25, 2(2, 3, 10)) 27, 27 Table 4 : Calabi-Yau 3-fold 1.
There are some mirror pairs of Calabi-Yau 3-folds, which have mirror pair of K3 surfaces as fiber. See, for instance, the self-mirror Calabi-Yau 3-folds (2), (6) (4) and (4 * ). They are mirror manifold each other. We will see these mirror pairs can be obtained by Borcea-Voisin method.
2 Equations of these manifolds are listed in appendix B. As we mentioned in section 3, the type IIA dual to F/CY 3 ×T 2 was not derived for CY 3 = (CIP 1 (1, n), K3). One of the difficulties in seeking type IIA or heterotic dual is anomaly cancelation. We have to find the correct number of the massless spectrum of the multiplets and the correct instanton number.
Borcea-Voisin construction
We use the K3 surfaces listed in table 2. In the above equation, (−1) denotes involution acting on T 2 and σ on K3 surface. For the detailed construction, see ref. [1] and appendix A.
3 Because of the condition gcd(u 0 , v 0 ) = 1 (see appendix A), we obtain only two mirror pairs with Hodge numbers,
Here, k = (ρ − a)/2. These manifolds were also constructed in previous subsection. Because of aforementioned reason (in section 3), after compactification on these manifolds, F-theory has the gauge symmetries of SO (8) k+1 . 4 If we could show this statement to be valid even for the case of Pic(K3) = U + K, other gauge symmetry might appear.
These manifolds can be applied in the verification of the following duality chain.
5 Calabi-Yau 4-fold
We are going to consider four types of Calabi-Yau 4-folds.
Type(A):
The basic examples of Calabi-Yau 4-folds and their mirrors are a direct product of two K3 surfaces.
When we compactify F-theory on this manifold, we can see the following duality chain [6, 8, 29] .
In this case, we can read gauge symmetry in one of the K3 surfaces by the method in section 2. Some K3 surfaces in table 2 may be transformed to Weierstrass form by a rational map.
Type(B):
The second basic examples are composed with two K3 surfaces with involution
Note that the condition gcd(u 0 , v 0 ) = 1 restricts the choice of K3 pairs. Table 6 contains all manifolds constructed from K3 surfaces listed in table 2. The relations between F-theory and type IIB string theory were investigated for one of the K3 surfaces being T 4 /Z 2 [38] . If both K3 surfaces are elliptically fibered, their dual theory will be type IIA theory compactified on Calabi-Yau 3-fold. For basic equations of these manifolds, see appendix B. Type(C):
This type of manifold can be obtained from Borcea-Voisin method (here, Calabi-Yau 3-fold has involution) [1, 34, 35] . Taking Weierstrass type and K3 fibered Calabi-Yau 3-fold such as (5, 2, 2, 1) ∆(21, 14, 6, 1) ∆(70, 30, 5, 42, 42, 21 Table 6 : Calabi-Yau 4-folds with involution, Calabi-Yau 3-fold and K3 fiber has the same T 2 fiber. The resulting Calabi-Yau 4-fold will be represented in Weierstrass form. Obtaining mirror manifold will clarify the relation between string dualities and mirror symmetry.
Type(D):
The following manifold will be obtained by extending Borcea-Voisin method.
Holonomy group of covering space of this manifold is SU(2). It is interesting to consider the application of this manifold to string duality.
Discussion
Some Calabi-Yau manifolds were constructed by Borcea-Voisin method. There were non-perturbative symmetry SO (8) k+1 which resides in the fixed points of T 2 /(−1). However these manifolds have some nice properties: 1) Mirror pair can be constructed easily. 2) Mirror pair manifolds have the same T 2 fiber, which makes it easy to determine the relations among F-theory, type IIA theory and type IIB theory. 3) K3 fibers of mirror pair manifolds have the same base T 2 /(−1). We expect that it will be possible to use these manifolds to see the relation between type I' and Heterotic theory.
Other symmetry will be seen from toric data [39] . This method introduces new polyhedra represented by a curve which is singular at the origin. This manifold is obtained by removing some points from initial one, keeping the Hodge numbers fixed. Candelas [40] applied this method to some mirror pairs of Calabi-Yau Calabi-Yau 3-fold and visualized gauge symmetry.
If we can obtain new mirror pair by applying this method to manifolds constructed by Borcea-Voisin, such mirror pair manifolds will be represented by appropriate polynomial listed in ref. [33] . This manifold may have the symmetry in table 3.
Sen [7] researched Borcea-Voisin Calabi-Yau 3-folds, (CY 3 = (T 2 , F m ), m = 0, 1, 4) and showed the relation among F-theory compactified on CalabiYau 3-fold and type I' theory on K3 surface. In this paper, these cases were not considered, because these manifolds cannot be represented in polynomials by the method in appendix A.
The Calabi-Yau 3-folds which were used for investigating the relation between F-theory and type IIA theory or Heterotic theory were almost exclusively the manifolds with CIP 1 (1, 1) base. Calabi-Yau 3-folds with CIP 1 (1, n) base will be applied for verifying duality web. In compactifying on such a manifold, the relation between anomaly cancelation condition in D= 6, N= 1 and the condition on type IIA/Hetero duality in D= 4, N= 2 will be modified, reflecting the change of Hodge number (which depends on the value of n).
Above consideration will enlarge duality web of F/CY 3 . Studying the duality of supersymmetric field theory with brane probe requires to establish a relation among T-duality, mirror symmetry and FourierMukai transformation [12, 41, 42, 43] . The manifolds constructed in the present paper will be applied to establishing this relation.
A Borcea-Voisin method
Take the the weights, u = (u 0 , u 1 , . . . , u n ) and v = (v 0 , v 1 , . . . , v m ) with
Here, we assume the following form to the equations which describes these manifolds,
Let us define Calabi-Yau hypersurfaces X respectively. This is a Calabi-Yau hypersurface X u×v n+m of total degree 2u 0 v 0 .
We used two types torus, 
